
                                     MATH 221, Sample Problems ( 5 )

Chapter 5

Normal Probability Distributions I.  Historical Background

    A.  French mathematician Abraham de Moivre (1667-1754) and German mathe-

          matician Carl Friedrich Gauss (1777-1855) provided the foundation for the 

          study of normal distribution.

          1.  Normal distribution is sometimes called Gaussian.

          2.  One of the most important examples of a continuous probability distribu-

               tion.

    B.  Why normal distribution is important:

          1.  It applies to a wide variety of situations

          2.  Other distributions tend to become normal under certain conditions.

          3.  Applications of a normal probability distribution are so numerous that 

               some mathematicians refer to it as "a veritable Boy Scout Knife of sta-

               tistics.” 

            4.  Normal distribution can be used to model many sets of measurements in

                  nature, industry, business. (Ex: systolic blood pressure of humans, the

                  lifetime of TV sets, and housing costs are all normally distributed ran-

                  dom variables.)
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II. Essential Features of Any Normal Distribution/Curve

     A.  It is a smooth, bell-shaped curve with the highest point over the mean m .

     B.  It is symmetrical about the vertical line through which x = m . (m = mean).

     C.  Two ends of the curve approach the horizontal (X) axis but never quite

           touches or crosses it (asymptotic to the horizontal axis).

     D.  Two transition/inflection  points (between cupping upward and downward)

            occur at  m s+  and at m s- , such that m = mean and s = standard deviation.

     E.  The mean = median = mode

     F.  Total area under the normal curve is equal to one.

III.Empirical Rule

     A.  The total area between the curve and the horizontal axis is always 1.

     B.  Since the curve is symmetrical, the area to the right of the mean is 0.5 and

           the area to the left of the mean is also 0.5.

     C.  The area of the region bounded by the curve on top, vertical lines at the left

           and  right and the horizontal axis below corresponds to the probability that 

           the probability that the variable x will fall within that specified interval on 

           the x axis.  (Area = Probability)

     D.  Empirical Rule for area under any normal probability distribution curve

           1.  Approximately 68.2% of the data values (or area under the curve)  will

                lie within one standard deviation  each side of the mean.

           2.  Approximately 95.4% of the data values (or area under the curve) will
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                lie within two standard deviations on each side of the mean.

           3.  Approximately 99.7% of the data values (or area under the curve) will lie

                within three standard deviations on each side of the mean.

      E.  The above empirical rule is applicable to any symmetrical, bell-shaped   

           distributions, whereas Chebyshev's theorem is applicable to all distributions.

      F.  The empirical rule is a stronger statement than Chebyshev's theorem be-

           cause it gives definite percentages, not just lower limits.  
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 The Standard Normal Distribution 

I.  Z Scores, Z values, or Standard Score/Units

    A. A way to standardize normal distributions so that we can use only one table

         of areas for all normal distributions.

    B. A way to make it possible to compare scores from different distributions with

        different means and different standard deviations.

    C.  Z x= - ¸( )m s     or      
( )x - m

s

     D.  Possible Z values:

            1.  Z = 0 when x = m

            2.  Z is positive when x > m

            3.  Z is negative when x < m

      E.  To find the x value when its corresponding z-score is known:

            x Z= +s m

      F.  If x is a variable with a normal distribution, then the corresponding 

           Z-scores will have a normal distribution called the Standard Normal

           distribution with: m = 0  and s = 1

      G.  Areas under the Standard Normal Curve

            1.  Although we cannot find the probability that the variable is equal to 

                 one specific value (since that probability is virtually 0), we can

                 determine the probability that the variable falls within an interval of

                  values.
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            2.  Since it would be impossible to provide tables for every normal pro-

               bability distributions with different means and different standard de-

               viations, instead, we can covert intervals for any normal distribution

               into equivalent intervals under the standard normal curve and use area

               values provided for the standard normal distribution.

         H.  Properties of the Standard Normal Distribution curve

              1.  Each z unit represents one standard deviation. A z-score of 1.23 is

                  1.23 standard deviations above the mean.  A z-score of -1.23 is 1.23

                  standard deviation below the mean.

              2.  The mean is at z=0.

              3.  The standard deviation is 1.

              4.  The total area under the curve=1. (As it is with all probability distribu-

                    tion curves.)

                    a.  The area to the right of z=0.5.

                    b.  The area to the left of z=0.5.

                5.  The Standard Normal Table in Appendix B lists the cumulative area

                       under the curve to the left of z for z-scores from -3.49 to 3.49. 

                       a. The cumulative area is close to 0 for z-scores close to -3.49.

                        b. The cumulative area increases as the z-scores increase.

                        c. The cumulative area for z=0 is 0.500.

                     d. The cumulative area is close to 1 for z-scores close to z=3.49.
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       I.  Features of table

            1.  Only area values corresponding to positive z scores are included. Since

                the curve is symmetrical, the areas to the left of the mean (negative z

                scores) are identical to their mirror image areas on the right side of the

                mean. All areas are positive values.

           2. The given area value is the area which is below the curve within the 

                interval between z=0 and z=specified number.

II.  Areas Under Any Normal Curve

I.  Given a normally distributed variable x with a mean and a standard deviation, 

find the probability that the value of x will fall in a specified interval

     A.  The x values will be given in the problem, along with values for the mean

            and standard deviation. First convert  each to  its  equivalent z-score, and

            write as a z interval.

      B.  Once we have an equivalent z-score interval,  use the standard normal dis-

            tribution table to determine the area (probability).  The probability that z is 

            within the computed z interval is the same as the  probability that x is with-

            in the given x interval.

      C.  The standard normal distribution table makes it possible to compute areas 

            within any normal distribution curve.  This means we only need one 

             table of area values.
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II. Given a specified area (probability) under a standard normal curve, find the z

     score boundaries which form the vertical line borders of the area  under   that

     curve.

     A.  Start by drawing a standard normal distribution curve and shade the region 

           whose area is described in the problem.

     B.  If this region is not precisely one that is between the mean and a z score, use

          the given information to determine which area is the one that is between the

          mean and the unknown z score. (This is the area value which is listed in the

          table and must be used as a reference.)

     C.  Look in the main body of the table for the closest area to the one we have

          determined for part B.

     D.  Determine the corresponding  score by looking across to the left hand 

           column for the one's and tenth's place of the z score and up to the top of the 

           table for the hundredths place.

III.Given a specified area (probability) under a normal distribution curve with 

     variable x, determine the x boundaries which define the area.

     A.  Follow steps A to D from the problem in II.

     B.  Using the formula, x z= +m s, to convert the z score we found into an x 

           value.

     C.  This procedure is used when we are required to:

           1.  Determine the length of time we should guarantee a product.

           2.  Determine cut-off scores for a test when we want to select the top
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                10% of the population.

IV. Hints for solving these problems:

       A.  Clearly list all the values given in the problem with appropriate labels,  

             such as m s, , x or z.

       B.  Determine what is the unknown.

       C.  Write down the appropriate formula.  All computation must be done with

              the standard normal scores.

        D.  Draw a standard normal distribution curve and shade to help visualize

              the problem.
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Normal Approximation to the Binomial Distribution

I.  Review of Binomial Experiment

     A.  Same actions are repeated in fixed number of trials.

     B.  One trial must be independent of all others. (The results of one trial cannot

           affect the success of another.)

     C.  There can only be two outcomes for each trial, either success or failure.

     D.  For  an individual trial, P(success)=p and P(failure)=q, such that q=1-p.

           (success and failure are complementary events.)

     E.  The number of trials that are successful is denoted by r such that r£n.

     E.  The number of trials that are successful is denoted by r such that r£n.

II.  Properties of the Binomial Distribution

      A.  The mean is  m = np and the standard deviation s = npq.

      B.  When p=0.5 then q=0.5 and the curve is perfectly symmetrical about the m.

      C.  As the number of trials, n, gets larger, the histrogram becomes symmetrical

            regardless of the value of p.

      D.  When both the values np and nq are greater than 5, the binomial

            histogram closely resembles a normal distribution curve.

      E.  Using a normal distribution curve in place of the binomial histogram will 

            enable us to compute binomial probabilities which

            1.  Are not on the binomial table (For example: if n > 20)

            2.  Are too tedious to compute with the binomial formula.
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III. Steps to take to solve a binomial probability question with a normal   

      distribution curve.

      A.  Check to see if both np > 5 and nq > 5.

      B.  Express the problem with an r interval.  Determine the left and right-hand

            endpoints for this interval.

       C.  Convert the r interval to a continuous x interval by subtracting 0.5 from the

             left-hand endpoint and adding 0.5 to the right-hand one.  This is called the 

             correction for continuity. 

        D.  Use the formula m = np and s = npq to compute the mean and the

              standard deviation for the binomial distribution.

        E.  Use the formula, z x= - ¸( )m s for each endpoint to convert the 

              interval into a standard normal z score interval.  For the left endpoint

              of an interval use z r np npq= - - ¸[( . ) ]05  and for the right endpoint

              z r np npq= + - ¸[( . ) ] .05

        F.  Use the standard normal distribution table to calculate the probability.

       G.  An example problem:

             1.  It has been shown that 60%  of leukemia patients who are given a 

                  bone marrown transplant which is completely compatible will sur-

                  vive.  If 500 patients are given a transplant next year, what is the pro-

                  bability that at least 275 of them will survive.

                  a.  This is a binomial experiment, however our tables do not include

                       500 trials.  So we test: np=500(0.6)=300 and nq=500(0.4)=200 and

                       see that both np and nq are over 5.  Therefore, we can use the normal
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                       distribution curve as an approximation for the binomial probabilities.

                  b.  First we state the problem in terms of the discrete variable r.

                       P r( )³ 275 .  The left end point is 275 and there is no right hand end-

                        point.  Converting to a continuous variable, x interval, we restate the

                       problem, P x( . )³ 2745 .

                  c.  Since we are working with normal distribution, we must find the 

                       mean and the standard deviation.  This is done by using the binomial

                       formula: m = =500 06 300( . )   and s = =500 06 0 4 1095( . )( . ) .

                  d.  Now we must convert to a z interval so we convert the endpoint of 

                       274.5 into a z score: z = - ¸ = -( . ) . .2745 300 10 75 233

                  e.  P(z > -2.33)=0.5+ 0.4901=0.9901, so there is a slightly better than 

                       99% chance that at least 275 patients out of the 500 will survive the

                       transplant.

                  * r interval--> x interval--> z interval
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